This article studies the effects of Brownian motion and thermophoresis on unsteady mixed convection flow near the
INTRODUCTION
Stagnation-point flow generally describes the fluid motion near the stagnation region of a solid surface, which exists in the case of fixed as well as a moving body in a fluid. Stagnation-point flow with various physical effects has greater physical importance, including the prediction of the skin friction as well as the heat/mass transfer near the stagnation regions of bodies in high-speed flows; design of thrust bearings and radial diffusers; and drag reduction, transpiration cooling, and thermal oil recovery, among others. The flow in the neighborhood of a stagnation line has attracted many NOMENCLATURE a constant in Eq. (6) Subscripts e, w, ∞ conditions at the edge of the boundary layer, at the surface, and in the free stream investigations during the past several decades. Ramachandra et al. (1988) have investigated the mixed convection flow in the stagnation flow region of a vertical plate. The steady stagnation-point flow towards a permeable vertical surface was investigated by Ishak et al. (2008) . Li et al. (2011) introduced an analysis of the steady mixed convection flow of a viscoelastic fluid stagnating orthogonally on a heated or cooled vertical flat plate. Makinde (2012) examined the hydromagnetic mixed convection stagnation-point flow towards a vertical plate embedded in a highly porous medium with radiation and internal heat generation. Mabood and Khan (2014) introduced an accurate analytic solution (series solution) for MHD stagnation-point flow in a porous medium for different values of the Prandtl number and the suction/injection parameter. An unsteady boundary layer plays important roles in many engineering problems like a start-up process and a periodic fluid motion. An unsteady boundary layer has different behaviors due to extra time-dependent terms, which will influence the fluid motion pattern and the boundary-layer separation. Kumari et al. (1992) have studied the unsteady mixed convection flow of an electrically conducting fluid at the stagnation point of a two-dimensional body and an axisymmetric body in the presence of an applied magnetic field. Seshadri et al. (2002) studied the unsteady mixed convection in the stagnation-point flow on a heated vertical plate where the unsteadiness is caused by the impulsive motion of the free stream velocity and by sudden increase in the surface temperature (heat flux). Hassanien et al. (2004) analyzed the problem of unsteady free convection flow in the stagnation-point region of a rotating sphere embedded in a porous medium. The unsteady flow and heat transfer of a viscous fluid in the stagnation region of a three-dimensional body embedded in a porous medium was investigated by Hassanien et al. (2006) . Hassanien and Al-Arabi (2008) studied the problem of thermal radiation and variable viscosity effects on unsteady mixed convection flow in the stagnation region on a vertical surface embedded in a porous medium with surface heat flux. Fang et al. (2011) investigated the boundary layers of an unsteady incompressible stagnation-point flow with mass transfer. Shateyi and Marewo (2014) have numerically investigated the problem of unsteady MHD flow near a stagnation point of a two-dimensional porous body with heat and mass transfer in the presence of thermal radiation and chemical reaction. Rosali et al. (2014) discussed the effect of unsteadiness on mixed convection boundary-layer stagnation-point flow over a vertical flat surface embedded in a porous medium.
During the past decade, the study of nanofluids has attracted enormous interest from researchers due to their exceptional applications to electronics, automotive, communication, computing technologies, optical devices, lasers, high-power X-rays, scientific measurement, material processing, medicine, and material synthesis, where efficient heat dissipation is necessary. Nanobiotechnology is also a fast-developing field of research and application in many domains, such as in medicine, pharmacy, cosmetics and agro-industry. Nanofluids are prepared by dispersing solid nanoparticles in base fluids such as water, oil, ethylene glycol, or others. According to Yacob et al. (2011) , nanofluids are produced by dispersing the nanometer-scale solid particles into base liquids with low thermal conductivity such as water and ethylene glycol. Nanoparticles are usually made of metal, metal oxide, carbide, nitride, and even immiscible nanoscale liquid droplets. Congedo et al. (2009) compared different models of nanofluids (regarded as a single phase) to investigate the density, specific heat, viscosity, and thermal conductivity, and discussed the water-Al 2 O 3 nanofluid in detail by using CFD. Hamad et al. (2011) introduced a one-parameter group to represent similarity reductions for the problem of magnetic field effects on free-convective nanofluid flow past a semi-infinite vertical flat plate following a nanofluid model proposed by Buongiorno (2006) . Hady et al. (2012a) studied the radiation effect on viscous flow of a nanofluid and heat transfer over a nonlinearly stretching sheet with variable wall temperature. Also, Hady et al. (2012b) studied the problem of natural convection boundary-layer flow past a porous plate embedded in a porous medium saturated with a nanofluid using Buongiorno's model. Further, Abu-Nada and Chamkha (2010) presented the natural convection heat transfer characteristics in a differentially heated enclosure filled with CuO-ethylene glycol (EG)-water nanofluids for different variable thermal conductivity and variable viscosity models. Rudraswamy and Gireesha (2014) studied the problem of flow and heat transfer of a nanofluid over an exponentially stretching sheet by considering the effect of chemical reaction and thermal radiation. Besthapu and Bandari (2015) presented a study on the mixed convection MHD flow of a Casson nanofluid over a nonlinear permeable stretching sheet with viscous dissipation. Numerical solutions of the natural convection flow of a two-phase dusty nanofluid along a vertical wavy frustum of a cone is discussed by Siddiqa et al. (2016a) . The bioconvection flow with heat and mass transfer of a water-based nanofluid containing gyrotactic microorganisms over a vertical wavy surface is studied by Siddiqa et al. (2016b) . Kameswaran et al. (2016) studied convective heat transfer in the influence of nonlinear Boussinesq approximation, thermal stratification, and convective boundary conditions on non-Darcy nanofluid flow over a vertical wavy surface. Vasu and Manish (2015) studied the problem of two-dimensional transient hydrodynamic boundary-layer flow of an incompressible Newtonian nanofluid past a cone and plate with constant boundary conditions. Gireesha et al. (2015) introduced a numerical solution for hydromagnetic boundary-layer flow and heat transfer past a stretching surface embedded in a non-Darcy porous medium with fluid-particle suspension. The unsteady forced convective boundary-layer flow of an incompressible non-Newtonian nanofluid over a stretching sheet when the sheet is stretched in its own plane is investigated by . investigated the transient mixed convective boundary-layer flow of an incompressible non-Newtonian quiescent nanofluid adjacent to a vertical stretching surface. The unsteady flow and heat transfer of a nanofluid over a contracting cylinder was studied by Zaimi et al. (2014) . Srinivasacharya and Surender (2014) studied the effects of thermal and mass stratification on natural convection boundary-layer flow over a vertical plate embedded in a porous medium saturated by a nanofluid. For more information see also Das et al. (2008) , and Kakaç and Pramuanjaroenkij (2009) . Muthtamilselvan et al. (2010) claimed that it is difficult to have a precise idea on how nanoparticles enhance the heat transfer characteristics of nanofluids. Mustafa et al. (2011) analyzed the problem of a stagnation-point flow of a nanofluid towards a stretching sheet. Makinde et al. (2013) studied the buoyancy effects on MHD stagnation-point flow and heat transfer of a nanofluid past a convectively heated stretching/shrinking sheet. The problem of axisymmetric stagnation flow of a nanofluid in a moving cylinder was analyzed by Nadeem and Rehman (2013) . Tamim et al. (2014) investigated the steady laminar MHD mixed convection boundary-layer flow of a nanofluid near the stagnation point on a vertical permeable plate with prescribed external flow and surface temperature. Das (2013) introduced the Lie group analysis of a stagnation-point flow of a nanofluid.
In this study, our main objective is to analyze unsteady mixed convection in the stagnation flow on a heated vertical surface embedded in a nanofluid-saturated porous medium. The effect of the presence of an isotropic solid matrix due to an impulsive motion is considered. Moreover, we examine the combined effect of Brownian motion and thermophoresis parameters and the nanoparticle volume fraction on the boundary-layer flow and heat transfer due to a nanofluid. Numerical solutions are obtained using the Sparrow-Quack-Boerner local nonsimilarity numerical method and the very efficient Runge-Kutta shooting quadrature, incorporating the applicable criteria that follow. The effects of the governing parameters on the dimensionless velocity, temperature, nanoparticle volume fraction, skin-friction coefficient, Nusselt number, and Sherwood number are discussed and shown graphically and in tables as well.
MATHEMATICAL ANALYSIS
Let us consider a semi-infinite vertical plate embedded in a saturated porous medium with temperature T w , concentration C w , and nanoparticle fraction ϕ w . The ambient temperature, concentration, and nanoparticle fraction are T ∞ , C ∞ , and ϕ ∞ , respectively. At t = 0, the ambient fluid is impulsively moved with a velocity U e and at the same time, the surface temperature, concentration, and nanoparticle fraction are suddenly raised. The flow field takes place over a heated vertical surface where the upper half of the field is assisted by the buoyancy force. However, the buoyancy force opposes the lower part. The physical flow model and coordinate system are shown in Fig. 1 .
Under the above assumptions along with Boussinesq and boundary-layer approximations, the governing equations of the conservation of mass, momentum, energy, and nanoparticles volume fraction are (Ramachandra, 1988; Buongiorno, 2006; Nield and Kuznetsov, 2009 )
FIG. 1:
Physical model and coordinate system ∂ϕ ∂t
where ⃗ v = (u, v) is the velocity, T is the temperature, ϕ is the nanoparticle volume fraction, ⃗ g is the acceleration due to gravity, ρ f is the density of the base fluid, and µ, k, and β T are the viscosity of the fluid, thermal conductivity, and volumetric thermal expansion coefficients of the nanofluid. ρ p is the density of the nanoparticles, (ρc) f is the heat capacity of the fluid, and (ρc) p is the effective heat capacity of the nanoparticle material. K, ε, and Γ are the permeability, the porosity of the porous medium, and the empirical constant in the second-order resistance. Here, (ρc) m and k m are the effective heat capacity and the effective thermal conductivity of the porous medium, respectively. The coefficients that appear in Eqs. (3) and (4) are the Brownian diffusion coefficient D B , and the thermophoretic diffusion coefficient D T . The initial conditions for this problem are
The physical boundary conditions for t ≥ 0 are
where a has the dimension time −1 (with a > 0) and b is a constant and has the dimension temperature/length, with b > 0 and b < 0 corresponding to the assisting and opposing flows, respectively; b = 0 is for forced convection limit (absence of buoyancy force).
We now make the standard boundary-layer approximation, based on the scale analysis. The governing equations can be written as ∂u ∂x
where x and y are the coordinates along and normal to the surface, respectively.
f is the ratio of the effective heat capacity of the nanoparticle material to the heat capacity of the fluid, and σ = (ρc) m /(ρc) f is the ratio of the effective heat capacity of the porous medium to the heat capacity of the fluid.
Outside the boundary layer, Eq. (8) gives
Then, one can eliminate p from Eq. (8). At the same time, one can introduce a stream function ψ defined by
which satisfies the continuity equation [Eq. (7)] identically, leaving the remaining four equations, i.e., Eqs. (8)- (10) in the following forms:
The mathematical analysis of the problem is simplified by use of the following transformations, as in Williams and Rhyne (1980) :
Using the transformation quantities in Eq. (16), the governing Eqs. (13)- (15) and the boundary conditions in Eqs. (5) and (6) are transformed to the following ordinary differential equations:
with the boundary conditions
where
where f ′ , θ, and φ are the dimensionless velocity, temperature, and particle volume fraction, respectively. The prime denotes differentiation with respect to the similarity variable η.
2 are the Grashof, Reynolds, and Darcy numbers, respectively. λ, Pr, Sc, N T , N B , N r , γ, and ∆ denote the mixed convection parameter, Prandtl number, Schmidt number, thermophoresis parameter, Brownian motion parameter, nanofluid buoyancy ratio parameter, first resistance parameter, and second resistance parameter, respectively.
The important physical quantities of interest in this problem are the skin-friction coefficient (wall shear stress) C f , local Nusselt number Nu x , and the local Sherwood number Sh x which are defined by
Substituting Eq. (16) into Eq. (23), we obtain
NUMERICAL SOLUTION
We now obtain approximate solutions to Eqs. (17)- (19) based on the local similarity and local nonsimilarity methods developed by Sparrow et al. (1970) . For the first level of truncation the ξ derivatives in Eqs. (17)- (19) can be neglected. Thus, the governing equations for the first level of the truncation are
For the second level of truncation, we introduce
and restore all of the neglected terms in the first level of truncation. Thus, the governing equations are
1 Pr
subject to the same boundary conditions in Eq. (28). The introduction of the three new dependent variables in the problem requires three additional equations with appropriate boundary conditions. This can be obtained by differentiating Eqs. (30)- (32) with respect to ξ, and neglecting the terms ∂F /∂ξ, ∂Θ/∂ξ, and ∂Φ/∂ξ, which leads to
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The coupled nonlinear Eqs. (30)- (35) with the boundary conditions in Eqs. (28) and (36) are solved using the fourth-fifth-order Runge-Kutta method with a shooting technique. The accuracy and robustness of this method has been repeatedly confirmed in various heat transfer papers. To facilitate convergence for all values of parameters, ξ, n, λ, N r , N T , N B , Pr, Sc, γ, and ∆, the asymptotic boundary conditions given by Eqs. (28) and (36) were replaced by using a value of 6 for the similarity variable η max and step size ∆η = 0.05 to obtain the numerical solution with fivedecimal-place accuracy as the criterion of convergence. The choice of η max = 6 ensured that all numerical solutions approached the asymptotic values correctly. This is an important point that is often overlooked in publications on boundary-layer flows. In a paper exclusively devoted to the appraisal of published results in boundary-layer flows, Pantokratoras (2009) found that many published results on boundary-layer flows are erroneous because the graphs for the velocity and temperature distributions in the boundary layers do not approach the correct values asymptotically. All the errors were the consequence of using smaller values of η to represent the boundary condition as η → ∞.
The fourth-fifth-order Runge-Kutta (RK45) method is a technique to resolve problems of the form
It is called RK45 because the fourth-order method with five stages is used together with a fifth-order method with six stages that uses all of the points of the first one. It has a procedure to determine if the proper step size is being used. At each step, two different approximations for the solution are made and compared. If the two answers are in close agreement, the approximation is accepted. If the two answers do not agree to a specified accuracy, the step size is reduced. If the answers agree to more significant digits than required, the step size is increased. Each step requires the use of the following six values.
Then an approximation to the solution of the initial valued problem (IVP) is made using a Runge-Kutta method of order 4:
where the four function values K 1 , K 3 , K 4 , and K 5 are used. A better value for the solution is determined using the Runge-Kutta method of order 5:
The optimal step size sh is determined by multiplying the scalar s times the current step size h, where the scalar s can be determined from s = 0.84
where T ol is the specified error control tolerance. The governing ordinary differential Eqs. (30)- (35) with the boundary conditions in Eqs. (28) and (36) are a coupled nonlinear boundary value problem, which has been reduced to a system of fourteen simultaneous equations of first order with fourteen unknowns as follows:
] ,
Here the prime denotes differentiation with respect to η. The boundary conditions in Eq. (21) now become
In this way all the four initial conditions are determined. It is now possible to solve the resultant system of the five simultaneous equations by fifth-order Runge-Kutta-Fehlberg integration scheme. The absolute error tolerance for this method is 10 −4 .
RESULTS AND DISCUSSION
In order to test the accuracy of our method, we have compared our steady state for regular fluid (ξ = 0) results for skin friction and heat transfer rate for prescribed surface temperature with those of Ramachandra et al. (1988) .
The results are found to be in excellent agreement. The comparison is given in Table 1 . However, to get the physical insight, the numerical values of velocity f ′ (η), temperature θ(η), and nanoparticle volume fraction φ(η) with the boundary layer have been computed for different parameters as unsteadiness parameter ξ, mixed convection parameter λ, nanofluid buoyancy ratio parameter N r , thermophoresis parameter N T , Brownian motion parameter N B , first resistance parameter γ, second resistance parameter ∆, Prandtl number Pr, and Schmidt number Sc. Therefore, the numerical results are presented in figures and tables for some representative values of these governing parameters.
The effects of nanofluid parameters, thermophoresis parameter N T , Brownian motion parameter N B , and buoyancy ratio parameter N r are displayed in Figs. 2-4 . From these figures, it is observed that the momentum and thermal boundary-layer thicknesses increase with an increase in both N T and N B . However, for the nanoparticle volume fraction profiles there is a crossing-over point where the volume fraction profile decreases before that point and slightly increases after that (Figs. 2 and 3) . Hence, the heat transfer enhancement is due to collision of high thermal energy with lower-energy particles. From Fig. 4 , it is observed that with the increase in the buoyancy ratio parameter N r , the velocity profile decreases and both the temperature and volume fraction profiles slightly increase.
The variations of the nondimensional velocity, temperature, and nanoparticle concentration with the unsteadiness parameter ξ are illustrated in Fig. 5 . It can be observed from this figure that the velocity profiles increase and the temperature profiles decrease with increasing values of ξ. Thus, due to the increase of the unsteadiness parameter ξ, the thickness of the momentum boundary layer is enhanced and the thermal boundary-layer thickness decreases. On the other hand, for the nanoparticle volume fraction profiles distribution, there is a special point (η ≈ 1.0) called the "crossing-over point" and the volume fraction profiles have completely conflicting behavior before and after that point for which the volume fraction at a fixed value of η decreases before that point and increases after it.
The effects of the mixed convection parameter λ on the nondimensional velocity, temperature, and nanoparticle volume fraction are illustrated in Fig. 6 . From this figure, it is observed that the velocity increases as λ increases; however, both the temperature and nanoparticle fraction profiles decrease with increasing values of λ.
Figures 7 and 8 illustrate the effect of both the first resistance parameter γ and the second resistance parameter ∆. From these figures, it is observed that both γ and ∆ have the same behavior. The velocity profile increases but the temperature profile and volume fraction profiles decrease as both γ and ∆ increase.
Figures 9-15 and Tables 2 and 3 are presented to illustrate the variations of the local rate of shear stress, the local rate of heat transfer, and the local rate of mass transfer for different values of the governing parameters.
Figures 9(a)-9(c) display the effects of the thermophoresis parameter N T and the unsteadiness parameter ξ on the local skin-friction coefficient C f , local Nusselt number Nu x , and the local Sherwood number Sh x , respectively. As the unsteadiness parameter ξ increases, the skin-friction coefficient C f , local Nusselt number Nu x , and the local Sherwood number Sh x increase. On the other hand, it can be seen that the thermophoresis parameter N T appears in the thermal and the concentration boundary-layer equations. We note that it is coupled with the temperature function and plays a strong role in determining the diffusion of heat and nanoparticle concentration in the boundary layer. Thus, an increase in the value of the thermophoresis parameter N T leads to a decrease in the local Nusselt number and increases in both the local skin-friction coefficient and the local Sherwood number as shown in Figs. 9(a)-9(c).
Figures 10(a)-10(c) display the effects of the Brownian motion parameter N B on the local skin-friction coefficient, local Nusselt number, and the local Sherwood number, respectively. In nanofluid systems, owing to the size of the nanoparticles, Brownian motion takes place, and this can enhance the heat transfer properties. This is due to the fact that the Brownian diffusion promotes heat conduction. The nanoparticles increase the surface area for heat transfer. A nanofluid is a two-phase fluid where the nanoparticles move randomly and increase the energy exchange rates. However, the Brownian motion reduces nanoparticle diffusion. The increase in the local Sherwood number as N B changes is relatively small. Therefore, as indicated before, increasing the value of the Brownian motion parameter N B causes increases in the velocity and temperature profiles while its volume fraction profile decreases. This yields reductions in both the local Nusselt number and the local Sherwood number and enhancement in the local skin-friction coefficient.
The effects of the buoyancy ratio parameter N r are illustrated in . It is observed from these figures that an increase in the value of N r tends to decrease all of the local skin-friction coefficient, the local Nusselt number, and the local Sherwood number.
The effects of all nanofluid parameters N T , N B , and N r on the wall shear stress, the heat transfer rate, and the mass transfer rate are also illustrated in Table 3 .
The effects of both the first resistance parameter γ and the second resistance parameter ∆ on the local skinfriction coefficient, local Nusselt number, and the local Sherwood number are illustrated in Figs. 12(a)-12(c) and Figs. 13(a)-13(c), respectively. From these figures, it is observed that both γ and ∆ have the same behavior. From these figures and Table 3 , we conclude that both the first and second resistances enhance all of the wall shear stress and the heat transfer rate while they reduce the mass transfer rate.
The effects of Prandtl number Pr on the behaviors of the local skin-friction coefficient, local Nusselt number, and the local Sherwood number are illustrated in Figs. 14(a)-14(c). It is observed from these figures that an increase in the value of the Prandtl number reduces the heat transfer rate (local Nusselt number) and enhances both the mass transfer rate (local Sherwood number) and the local skin-friction coefficient. Finally, Figs. 15(a)-15(c) illustrate the behaviors of the local skin-friction coefficient, local Nusselt number, and the local Sherwood number with changes in the value of the Schmidt number Sc. It is observed that increasing the value of Sc produces increases in the local skin-friction coefficient and decreases in both of the local Nusselt number and the local Sherwood number. This is associated with the decreases in the nanoparticle boundary layer as Sc increases as discussed earlier.
CONCLUSIONS
In the present work, the problem of unsteady mixed convection boundary-layer flow near the stagnation point of a heated vertical surface embedded in a nanofluid-saturated porous medium is studied theoretically. The resulting system of nonlinear partial differential equations is treated using the Sparrow-Quack-Boerner local nonsimilarity numerical method. The obtained system is solved numerically using an efficient numerical shooting technique with a fourth-fifth-order Runge-Kutta method scheme (MATLAB package). The solutions for the flow and the heat and mass transfer characteristics are evaluated numerically for various values of the governing parameters, namely, the unsteadiness parameter ξ, mixed convection parameter λ, nanofluid buoyancy ratio parameter N r , thermophoresis parameter N T , Brownian motion parameter N B , first resistance parameter γ, second resistance parameter ∆, Prandtl number Pr, and the Schmidt number Sc. The following are a brief summary of conclusions drawn from the analysis:
1. The thickness of the momentum boundary layer decreases with an increase in the nanofluid buoyancy ratio parameter N r . However, it increases with the increase of all other parameters.
2. The thickness of the thermal boundary layer increases with an increase in the nanofluid parameters N T , N B , and N r .
3. The nanoparticle volume fraction boundary-layer thickness increases obviously with an increase in both the N T and N B parameters and slightly increases with an increase in the N r parameter.
4. The unsteadiness parameter ξ and the buoyancy parameter λ enhance the momentum boundary-layer thickness and reduce both the thermal and the nanoparticle volume fraction boundary-layer thicknesses.
5. Both the first and the second resistance parameters γ and ∆ enhance the momentum boundary-layer thickness and reduce both the thermal and the nanoparticle volume fraction boundary-layer thicknesses.
6. The magnitude of the skin-friction coefficient f ′′ (0) increases with increasing values of the thermophoresis parameter N T and the Brownian motion parameter N B , while it decreases with the increase in the nanofluid buoyancy ratio parameter N r .
7. The local Nusselt number decreases with all the nanofluid parameters N T , N B , and N r . Also, it decreases with increases in the Prandtl number Pr and the Schmidt number Sc.
8. The local Sherwood number increases as the N T parameter increases. However, it decreases as either N B , N r , Pr, or Sc increases.
9. The unsteadiness parameter ξ and the resistance parameters γ and ∆ enhance the local skin-friction coefficient, local Nusselt number, and the local Sherwood number.
